
16.

We finally present a categorification of the Iwahori–Hecke algebra by means of
mixed, equivariant perverse sheaves. In particular, we describe specific objects
that categorify the elements of the standard and Kazhdan–Lusztig bases. Besides
Achar, the main reference is Bezrukavnikov–Yun’s paper “On Koszul Duality for
Kac–Moody Groups”.

16.1.

Like last time, k D NFq and k1 D Fq and ` is a prime invertible in k1. Henceforth,
we fix a square root q1=2 2 NQ�

`
. This allows us to define a half Tate twist NQ`.

1
2
/.

On any category of the form DG1
.X1/, let

hmi D .�/˝ . NQ`/X1
Œm�.m

2
/;

the so-called shift-twist. Since Œ1�, resp. .1
2
/, shifts weights up by 1, resp. down

by 1, we know that h1i preserves the weights of mixed complexes.
Let G be a connected reductive algebraic group with Fq-form G1, and let

F W G ! G be the Frobenius corresponding to G1. Let W be the Weyl group of
G. For simplicity in what follows, we always assume that G1 is the split form of
G, so that F acts trivially on W . Let B1 be the flag variety of G1.

For each w 2 W , the orbit jw W Ow ! B � B then arises from some locally
closed jw;1 W Ow;1 ! B1 � B1. (Recall that dimOw D `.w/C dimB.) By a
result of BBDG in the previous set of notes, the twists

Ew;1 D jw;1;Š�. NQ`/Ow;1
hdimOwi

are all pure of weight 0. For all m 2 Z, let

Bwhmi D H�G.B � B; Ewhmi/;

the intersection cohomology of the pullback of Ew;1hmi from Fq to k D NFq,
viewed as a NQ`ŒF �-module. We abbreviate by writing Bw for Bwh0i.

Here is where the use of equivariant objects, not merely orbit-constructible
objects, becomes relevant. Fix an F -stable Borel B � G corresponding to
B1 � G1. Via the F -equivariant isomorphism of stacks

ŒGn.B � B/� ' ŒBnG=B�;

we can identify DG1
.B1 � B1/ ' DB1�B1

.G1/. For any K1 2 DB1�B1
.G1/ ,

the hypercohomology H�B�B.G;K/ is endowed with an action of H�B�B.pt; NQ`/.
Finally, by Künneth (for ordinary cohomology!),

H�B�B.pt; NQ`/ ' R˝ NQ`
R; where R :D H�B.pt; NQ`/:
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Recall that if T D B=ŒB;B�, then R ' NQ`ŒX�.T /� with X�.T / placed in
degree 2. In this way, Bw forms an R-bimodule for all w. Note that R and Bw

are moreover cohomologically graded. From calculating the weights of F on
H�T .pt; NQ`/, one finds that h1i shifts this grading by 1.

16.2.

The following results were essentially proved by Soergel in “Kategorie O, Per-
verse Garben[,] und Moduln über den Koinvarianten zur Weylgruppe”. See
Section 3 of his paper, in particular. Note that Soergel works with k D C and
the analytic, not étale, topology, and sidesteps the use of mixed structure with
something more elementary. The mixed étale reformulations can be found in
Bezrukavnikov–Yun Propositions 3.1.6 and 3.2.1.

Theorem 16.1 (Soergel). (1) For any w 2 W , the graded vector space Bw is
free over R (up to grading shifts).

(2) For any v;w 2 W and m 2 Z, we have

HomDG1
.B1�B1/.Ev;1; Ew;1hmi/ ' HomModgr

R˝Rop
.Bv;Bwhmi/:

(3) The hypercohomology functor H�G.B � B;�/ transports the convolution
� on DG.B � B/ to the tensor product ˝R on the category of finitely-
generated graded R-bimodules Modfg;gr

R˝Rop .

The following corollary, while inspired by Soergel’s work, was first formalized
in the mixed étale setting by Bezrukavnikov–Yun, in Proposition 3.2.5 and
Remark 3.2.6 of their paper.

Corollary 16.2 (Bezrukavnikov–Yun). (1) For w 2 W and m 2 Z, the F -
action on Bw.m/ is semisimple.

(2) For any v;w 2 W , the convolution Ev;1 � Ew;1 is already isomorphic
to a (finite) direct sum of shifts of semisimple (equivariant) mixed per-
verse sheaves, before pullback from Fq to NFq. (This is stronger than the
decomposition theorem!)

In fact, this convolution is isomorphic to a sum of objects of the form
Ex;1hmi for varying x 2 W and m 2 Z.

Let CW be the full additive subcategory of DG1
.B1 � B1/ generated by the

objects Ew;1hmi for all w;m. By Corollary 16.2, it is closed under convolution.
By Theorem 16.1, we can even embed it fully faithfully into the category of
graded R-bimodules, Modfg;gr

R˝Rop , via an embedding that takes � to˝R.
We say that CW is the additive Hecke category. Its essential image in

Modfg;gr
R˝Rop is called the category of Soergel bimodules. We say that

HW :D Kb.CW /
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is the triangulated Hecke category, or just the Hecke category. It inherits a
convolution from CW . Recall that ŒHW �4 ' ŒCW �˚. What follows is essentially
Soergel’s Zerlegungssatz 1.

Theorem 16.3 (Soergel). We have an isomorphism of ZŒx˙1�-algebras

ŒCW �˚ ' HW .x/;

where x acts on the left by h�1i, the multiplication on the left is induced by �,
and the multiplication on the right is induced by �. Under this isomorphism,
ŒEw � corresponds to the Kazhdan–Lusztig element cw , for all w 2 W .

16.3.

How about the standard basis elements �w? In the category CW , there are actually
many objects whose class in ŒCW �˚ corresponds to �w . But it turns out that
from a geometric viewpoint, there is a best choice. Recall that the intermediate
extension jw;Š� is so named because it is intermediate between jw;Š and jw;�. It
turns out that jw;Š, the extension by zero, has the flavor of �w , whereas jw;� has
the flavor of ��1

w . To this end, let

�w;1 D jw;1;Š. NQ`/Ow;1
hdimOwi and rw;1 D jw;1;�. NQ`/Ow;1

hdimOwi:

These objects are also perverse sheaves, due to the following exactness properties
proved in BBDG: See their Proposition 2.2.5 and §4.1.

Theorem 16.4 (BBDG). For the perverse t-structure and any map p W Y ! X

between separated schemes of finite type over a field:

(1) If p is quasi-finite, then pŠ is right t -exact and p� is left t -exact.
(2) If p is affine, then pŠ is left t -exact and p� is right t -exact.

In particular, if p is composed of any finite map followed by an affine open
embedding, then pŠ and p� are both perverse t -exact.

We immediately face a problem: �w;1 and rw;1 do not actually live in CW .
That is, they cannot be decomposed into sums of shifts of the objects Ew;1. The
solution comes from BBDG Théorème 5.3.5:

Theorem 16.5 (BBDG). Every mixed perverse sheaf E1 on a scheme of finite
type over k1 admits a unique, finite, increasing weight filtration W��, such that
grW

i E1 is pure of weight i for all i .

This theorem extends to the G1-equivariant setting. In fact, we can describe
the weight filtrations explicitly in the case of simple reflections. Everything in
the discussion that follows will be F -stable, so for convenience, we will drop the
subscript 1 everywhere.
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Let S � W be the set of simple reflections. For any s 2 S , we have NOs D

Oe [ Os. For convenience, we write i W Oe ! NOs and j W Os ! NOs for the
inclusion maps, which are closed and open, respectively. The structure of these
varieties and maps can be reduced to the rank-1 case. To explain how, we recall
the fixed F -stable Borel B D T ⋉ ŒB; B�. We identify W D NG.T /=T and
set Ps D B [ BsB , a parabolic subgroup of G. Let Ls be the Levi of Ps, so
that Ps D Ls ⋉ ŒPs; Ps�. Then we can identify Ps=B with the flag variety of
Ls, a copy of P1, and BsB=B � Ps=B with a copy of A1. The left B-action on
these varieties factors through a .Ls \ B/-action. At the same time, we have
isomorphisms of stacks

ŒGn NOs� ' ŒBnPs=B� ' ŒBnP1�;

ŒGnOe� ' ŒBnpt�;

ŒGnOs� ' ŒBnBsB=B� ' ŒBnA1�:

We deduce that at the equivariant level, the maps i and j are comparable to the
inclusion maps pt! P1 and A1 ! P1. In particular,

Es D js;Š�. NQ`/Os
hdimOsi ' . NQ`/ NOs

hdim NOsi

since P1 is smooth.
Recall that in the Hecke algebra, cs D �sCx�1 D ��1

s Cx. The corresponding
identities in ŒCW �˚ are

ŒEs;1� D Œ�s;1�C ŒEe;1h1i� D Œrs;1�C ŒEe;1h�1i�:

Granting that these identities do not arise from mere direct sum decompositions,
we are led to look for extensions between the mixed complexes. From the exact
triangle jŠj

� ! id ! iŠi
� ! and our description of Es;1 as a shift-twisted

constant sheaf, we obtain an exact triangle

�s;1 ! Es;1 ! Ee;1h1i !

whose Verdier dual is

! Ee;1h�1i ! Es;1 ! rs;1:

These triangles describe the weight filtrations on �s;1 and rs;1 (after rotation),
since Es;1; Ee;1 are pure of weight zero. Note that�s;1 ! Es;1 and Es;1 ! rs;1

are precisely the morphisms that arise from the definition of js;1;Š�.

16.4.

In the triangulated Hecke category HW D Kb.CW /, we set

RCs D .Es;1 ! Ee;1h1i/ and R�s D .Ee;1h�1i ! Es;1/;
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where as before, the underlining indicates the terms in degree zero. More
generally, if w D si1

� � � si`
is a reduced expression—a word in S for w of

minimal length—then we set

RCw D RCsi1
� � � � �RCsi`

and R�w D R�si1
� � � � �R�si`

These objects, or rather their images in Kb.Modfg;gr
R˝Rop/ under the functor that

takes equivariant hypercohomology term by term, are now called Rouquier
complexes. Rouquier discussed their Soergel-bimodule incarnations in, e.g., his
paper “Categorification of sl2 and Braid Groups”.

The following result is essentially shown in Appendix B of Bezrukavnikov–
Yun’s paper, where they refer to (some version of) HW as a “dg-model”.

Theorem 16.6. There is a weight realization functor

real W HW ! Db
G1
.B1 � B1/

such that:

(1) real is full, faithful, additive, and monoidal (i.e., convolution-preserving).
(2) real restricts to the identity functor on CW , viewed as the full subcategory

of HW of complexes supported in degree zero.
(3) real.RCw/ D �w;1 and real.R�w/ D rw;1 for all w.

Corollary 16.7. Under ŒHW �4 ' HW .x/, the class ŒR˙w � corresponds to �˙1
w .

Proof. We have checked the statement for simple reflections s 2 S . The corre-
sponding elements �s generate HW .x/, so using the properties of real above, we
can extend the statement from S to W .

We conclude with an observation about the Verdier duality functor D D
DB1�B1

. By construction, CW � Db
G1
.B1 � B1/ is stable under D. By contrast, D

interchanges �s;1 and rs;1 for all s 2 S . Similarly, the involutive functor on HW

induced by D interchanges RCs and R�s . In this way, we see that the involution
induced by D on ŒCW �˚ corresponds to the involutionD onHW .x/, which sends
x 7! x�1 and �s 7! ��1

s .
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