MATH 250: TOPOLOGY I PROBLEM SET #1
FALL 2025

Due Wednesday, September 3. Please attempt all of the problems. Six of them
will be graded. You may consult books, papers, and websites as long as you cite all

sources and write up your solutions in your own words. Last update: 8/28.

Problem 1. Let f: X — Y be an arbitrary map between sets.
(1) Let {Xa}a be an arbitrary collection of subsets of X. Show that

f (UXa> =Jf(Xa) and f (ﬂXa> C () f(Xa).

(2) In the setup of (1), give an example where

() £

(3) Let {Y3}s be an arbitrary collection of subsets of Y. Show that
7 (UYB) =UJf'(Ys) and f7 (ﬂ Yﬁ) =7 (Ys).
B g B B

Problem 2 (Munkres 83, #1). Let X be a topological space, and let A be a subset
of X. Suppose that for each x € A, there is an open set U containing x such that
U C A. Show that A is also open.

Problem 3 (Munkres 83, #3). Let X be any set. Show that the collection
{0} U{U C X | X — U countable}
always forms a topology on X. Does
{0, X} U{U C X | X — U is infinite}
always form a topology on X7
Problem 4 (Munkres 83, (¢)). Suppose that X = {a, b, c} and
Ti =1{0,X,{a},{a,b}} and To={0,X, {a},{b,c}}.

Find the smallest topology containing 77 and 75 as subsets, and the largest topology
that is contained in both 77 and 75 as a subset.
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Problem 5 (Munkres 83, #8(a)). Using Munkres Lemma 13.2, show that the
countable collection

B ={(a,b) | a < b and a,b are rational }

forms a basis for the analytic topology on R.

Problem 6. Let aZ + b= {aq+b | q € Z}, for any integers a and b. Let
B={aZ+b|a,beZ with a # 0}.

Show that B forms a basis for some topology on Z. Hint: If x € aZ + b, then
aZ +b=al+ .

Problem 7. Endow R with the analytic topology. Give an example of a continuous,
non-constant map f : R — R and an open set U C R such that f(U) is not open.
Hint: There is a solution where f is a quadratic polynomial. You may assume that

polynomial maps are continuous.

Problem 8. Let X,Y be topological spaces, and let f : X — Y be a continuous
bijection. Show that if f(U) is open in Y for every open set U in X, then f is a

homeomorphism.

Problem 9. Recall the notion of a group from the initial reading. Show that:

(1) R forms a group under the law of addition.

(2) R does not form a group under the law of multiplication.

(3) The set of positive real numbers R forms a group under multiplication.
(4) The set of positive integers Z, does not form a group under multiplication.

Problem 10. For part (3), recall or look up the notion of a subgroup.

(1) Show that for any set X, the set of bijections from X to itself forms a group
under the law of composition (i.e., g o f defined by (g o f)(z) = g(f(z))).
This group is usually denoted Sym(X).

(2) Give two elements f, g € Sym({a,b,c}) such that go f # fog.

(3) Suppose that X is endowed with a topology. Show that the set of homeo-
morphisms from X to itself forms a subgroup of Sym(X). This subgroup is
usually denoted Homeo(X).
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