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This talk is about. . .

1 Braids

2 Lusztig Varieties

3 Springer Fibers

4 Affine Springer Fibers

1 Braids The braid group Brn =〈
σ1, . . . , σn−1,

∣∣∣∣ σiσi+1σi = σi+1σiσi+1,

σiσj = σjσi when |i − j| > 1

〉
appears in knot theory and representation theory.

σi

A link is a collection of circles (tamely) embedded in
R3. Knot theory is about isotopy invariants of links.

(Alexander) Every link is the closure of some braid.
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Let G = GLn and B its upper-triangular subgroup.

Vn(q) = {functions G(Fq)/B(Fq) → C},

Hn(q) = EndG(Fq)(Vn(q)).

(Iwahori) Hn(q) ≃
CBrn

⟨σ2
i − (q − 1)σi − q⟩

.

To explain, recall Bruhat: G =
∐

w∈Sn
BẇB.

Then CBrn ↷ Vn(q) via

σi · 1xB(Fq) =
∑

xB
i−→yB

1yB(Fq),

where xB
i−→ yB means Bx−1yB = Bẇ(i,i+1)B.

Motivates a Hecke algebra Hn(q) over C[q±1].

Ocneanu used functions Brn → Hn(q) → C(q
1
2 )[a±1]

to construct a link invariant

homflypt : {links in R3}/isotopy → C(q
1
2 )[a±1].

Jones computed it for torus knots. Remarkably, the
values encode q-Catalan (and q-Kirkman) numbers.

On the other hand, Iwahori suggests that homflypt is
related to the geometry of G/B.

We’ll discuss a Springer-theoretic function of β that
refines the homflypt invariant of its closure β̂.
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2 Lusztig Varieties Suppose that β is positive:

β = σi1 · · · σiℓ
.

(Deligne) The variety O(β) ={
(g0B, g1B, . . . , gℓB)

∣∣∣ gj−1B
ij−→ gjB for all j

}
only depends on β, up to isomorphisms that keep
g0B and gℓB fixed.

For any positive β, β′, we have

O(ββ′) ≃ O(β) ×G/B O(β′),

where ×G/B means the variety of pairs (g⃗B, g⃗′B)
such that gℓB = g′

0B.

A literal geometric representation of positive braids.

For any x ∈ G(Fq), form the braid Lusztig variety

B(β)x = {g⃗B ∈ O(β) | gℓB = xg0B}.

(Shende–Treumann–Zaslow) Up to a monomial in q
1
2 ,

|B(β)1(Fq)|
|PGLn(Fq)|

is the “highest” a-degree of homflypt(β̂) at q → q.

Example Let n = 2 and β = σ3
1 ∈ Br2.

Then homflypt(β̂) = a2(q + q−1) − a4.

O(β) ≃ {g⃗ ∈ (P1)4 | g0 ̸= g1 ̸= g2 ̸= g3},

B(β)1 ≃ {g⃗ ∈ (P1)3 | g1, g2, g3 pairwise distinct}.

PGL2 acts simply transitively on the latter.
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3 Springer Fibers How to access other a-degrees?

Let U ⊆ G be the unipotent variety. Observe that

Bx := B(1)x = {gB | gB = xgB}

is the usual Springer fiber over x, whose cohomology
defines a character of Sn:

Ψx(w) :=
∑

i

qitr(w | H2i(Bx)).

Thm 1 (T) Let

Ψβ(w) =
∑

u∈U(Fq)

|B(β)u(Fq)|
|PGLn(Fq)|

Ψu(w)|q→q .

Recall Irr(Sn) = {χλ | λ ⊢ n}.

Then (χ(n−k,1,...,1), Ψβ)Sn sees the kth a-degree.

Think of β 7→ Ψβ as a function

Brn → Hn(q) → {characters of Sn}.

Closely related to work of Lusztig–Abreu–Nigro.

Example Again, let n = 2 and β = σ3
1 ∈ Br2.

Recall homflypt(β̂) = a2(q + q−1) − a4.

Ψu =
{

1 + q sgn u = 1,

1 u ̸= 1.

Ψβ = q2 + 1 + q sgn.

Thm 2 (T) The cohomology of U(β) ×U U(1), where

U(β) = {(u, g⃗B) | u ∈ U and g⃗B ∈ B(β)u},

encodes finer invariants of β̂.
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The full twist π = (σ1 · · · σn−1)n:

Thm 3 (T) Suppose βm = πd for some d, m > 0.

Then up to a monomial, Ψβ(w) is the q → q limit of

sgn(w)
det(1 − qw | h)

∑
λ⊢n

qc(λ)d/mDλ(e2πid/m)χλ(w)

where:

• h is the reflection representation.

• c(λ) is the sum of contents of λ.

• Dλ(t) = Kλ,(1n)(t) is the fake degree of λ.

Subsumes Jones’s homflypt formula for torus knots.

Thm 3 generalizes to any reductive G, once we replace:

• Sn with the Weyl group W .

• c(λ) with c(χ) =
∑

refl. t

χ(t)
χ(1) .

• fake degrees Dλ with generic degrees Dχ.

If gcd(d, m) = 1 and m is the Coxeter number of W ,
then the formula simplifies:

(monomial) ·
det(1 − qdw | h)
det(1 − qw | h)

}
=: Π(d)

q .

Π(d)
q is the character of a rational parking space.

(triv, Π(d)
q )W is a rational q-Catalan number.

Example If W = Sn, then (triv, Π(d)
q )W = [n+d−1]!

[n]![d]! .
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4 Affine Springer Fibers

Rational parking spaces appear in a loop or affine
analogue of Springer theory.

finite Springer affine Springer

G G((z))
G/B G((z))/I

W W̃ = W ⋉ X∨

Above:

• G((z)) is the loop group G((z))(R) := G(R((z))).

• I is the preimage of B in G[[z]].

• X∨ is the cocharacter lattice of T ⊆ B.

Dream Braid Lusztig varieties know about affine
Springer representations.

We now study Springer fibers over the Lie algebras,
not the groups, and over C, not Fq .

x : Bx = {gB ∈ G/B | g−1xg ∈ b},

γ = γ(z) : Baff
γ = {gI ∈ G((z))/I | g−1γg ∈ I}.

The table hides key differences:

In the finite case, Bx is most interesting for x

nilpotent.

In the affine case, Baff
γ is terribly infinite for γ = γ(z)

nilpotent, but interesting for γ(z) regular semisimple.

Example If G = SL2 and γ(z) =
(

0 1
z3 0

)
, then

Baff
γ ≃ P1 ⊔pt P1.
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Fix ν = d/m > 0 in lowest terms. Let C× ↷ g((z)):

c ·ν γ(z) = c2dρ∨
γ(c2mz)c−2dρ∨

,

where 2ρ∨ =
∑

α∈Φ+ α∨.

Let g((z))ν,k be the weight-2k eigenspace.

In the SL2 example, γ ∈ g((z))3/2, 3.

Lemma If γ is an eigenvector for ·ν , then the
induced action on G((z))/I preserves Baff

γ .

Lemma g((z))ν,0 is the Lie algebra of a connected
reductive group Lν ⊆ G((z)). Moreover,

(G((z))/I)C×
=

∐
w∈W (Lν )\W̃

LνẇI/I.

Fix any regular semisimple γ ∈ g((z))ν,d.

Springer : W̃ ↷ H∗
c(Baff

γ ), H∗
c,C× (Baff

γ ).

(Sommers) If m is the Coxeter number, then:

• Lν = T and LνẇI = ẇI.

• (Baff
γ )C× is a finite subset of the ẇI.

• Writing H∗
C× (pt) = C[ϵ], we have

H∗
c(Baff

γ ) = H∗
c,C× (Baff

γ )|ϵ→1

= {functions on (Baff
γ )C×

}.

• Π(d)
q (w)|q→1 is the W -character of H∗

c(Baff
γ ).

(Oblomkov–Yun) Filtration on H∗
c,C× |ϵ→1 restores q.
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(Goresky–Kottwitz–MacPherson) For general ν,

(Baff
γ )C×

=
∐

w∈W (Lν )\W̃

Hessγ,w,

a disjoint union of partial Hessenberg varieties

Hessγ,w = {gPν,w ∈ Lν/Pν,w | g−1γg ∈ ẇIẇ−1},

where Pν,w := Lν ∩ ẇIẇ−1.

They are smooth.

If Hessγ,w ̸= ∅, then its codimension in Lν/Pν,w is
the number of affine roots α + k such that:

• ⟨α, νρ∨⟩ + k = ν.

• ⟨α, 1
2 ρ∨ · w⟩ + k < 0.

Conj (T) For general ν, the representation

W ↷ H∗
c,C× (Baff

γ )|ϵ→1

contains a summand whose character is the q → 1
limit of our earlier formula:

sgn(w)
det(1 − qw | h)

∑
χ∈Irr(W )

qc(χ)νDχ(e2πiν)χ(w) .

Moreover, the Oblomkov–Yun filtration restores q.

Thank you for listening.
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