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. . Aw = C[W]x Sym(V)
G split semisimple group

We’ll study a monoidal trace
W Weyl group

AH : H‘O/IZ/) — MOdQ(Aw)
Bry  braid group
and its decategorification
V' reflection representation of W L o
o=, (F1ig (AHY)Y : Hyy - Rulal,
where:
Motivations for this talk:
e Hyy is the Hecke category of W

 Invariants of braids and knots/links « Modz(Ay) is a category of bigraded

A y-modules
o Topology of varieties related to G

e Hyy is the Hecke algebra of W
¢ Representations of algebras related to W ~ V'

e Ry is the representation ring of W



Thm 1 Khovanov-Rozansky’s HHH factors as

Homyy (A*(V), —)

AHY
Hy —— Mod2(Aw) Vects.

Thus, AH is related to link invariants when W = S,,.

U — U the Springer resolution

Thm 2 For a positive braid 8 € Br;rv7
AHY(R(9)) = grlVHYC(2(5)),

where:
e R(S) € Hy is the Rouquier complex of 3
« Z(B) = U xy U(P) is a generalized Steinberg

variety

Example A topological braid g has a link closure 5’:

A link has a superpolynomial P € Z(qi1/2)[ai1,ti1].

If B = (610203)3 € Bry, then J is the (3,4) torus
knot and

P(B) = a6q73(1 + P+ P+ g+ (]6t6)
+a8q_2(t3 +qt5 +q2t5 +q3t7 +q4t8)

+a'%8.
Thms 1, 2 imply that up to a shift, the red term is

>t eV W(B)).
2%


https://arxiv.org/abs/1103.5628

Thm 3 For positive 3,

1
IG(Fq)l

[Bla =+ > UBWFIB,

u€U(Fgq)

where B,, is the Springer fiber over u and

Bus= Y aH(B.),

an element of Ry [q].

D2t D Ay rational DAHA of slope v € Q

Thm 4 For periodic B of “good” slope v > 0,

[B]q is the g-character of an explicit D!**-module.

Example Write Irr(S4) = {1, ¢, 1, e¢, e} with
¢ =tr(—|V).

If 8 = (010203)3 € Bry, as before, then
Bla=(1+d"+¢*+q" +4°) -1
@+ +d+4d +d%) ¢
+@+q") v
+43 ey
Thm 3 claims this is a sum of [B4]4. Indeed:

Blg = ¢° - [Balg + (¢° + ¢*) - [Ba1]q + ¢° - [B2,2]q
+1-B21,1]q+0-[B1,1,1,1]q-

Thm 4 claims this is also the g-character of a certain

Dga/a—module. It’s the simple quotient of Sym(V').



Thm 1 was inspired by Webster—Williamson’s
geometric model for Khovanov-Rozansky homology.

We expect AH to match the (underived) horizontal
trace on Hyy studied by Gorsky-Hogancamp—Wedrich
and others.

Thms 2, 3 came from asking how Springer theory
interacts with nonabelian Hodge phenomena, which
certain stacks U(3)/G and Z(8)/G should exhibit.

Inspired by Yun, Oblomkov—Rasmussen—Shende,
Shende-Treumann—Zaslow. . .

Thm 4 came from
Gorsky—Oblomkov—Rasmussen—Shende’s conjectures
relating D'**-modules and KR of torus knots.

To describe AH, we interpret the Hecke category
geometrically. Henceforth, subscript 0 means “over
F,” No subscript means “over F.”

Bo flag variety of (the split form) Go

By a theorem of Iwahori, the Hecke algebra is
Hw ® C(¢"/?) ~ Endg(r,) (C[B(F,)))
~ C[B(Fy) x B(Fy)]¢Fa).
Similarly, the Hecke category is built from
Dl&;ym(lgo X Bo),

the bounded derived category of Gg-equivariant mixed
complexes of sheaves over By x By with constructible
cohomology.



The G-orbits of B x B are indexed by W:

Bo x By = H Ow,0-

weWw

Each O,0 defines an intersection complex 1C', ¢.

The Hecke category is Hyy = K®(C(By x Byp)), where

)

There is a geometric convolution on C(By x Bp).

we W,

C(Bo x By) = <](7“,‘0<n> : nez

C DY, ,,.(Bo x Bo).

The IC,, o decategorify to the Kazhdan—Lusztig basis.

The shift-twist (1) = [1](%) decategorifies to ¢—1/2,

Lusztig introduced the diagram below to study
unipotent representations of G:

B() X Bo <—a6t Go X B() ﬂ> Go
The functor

CH = @p’Hi[—i] opryoact: D&m(Bg) — D%‘,m(GO)

K3

descends to a monoidal trace on Hyy .

Webster—Williamson showed that
gr\V, Hi (G, CH(ICy)) ~ HHY (H 7 (B x B, 1Cy)).

HH* is Hochschild homology over HF,(B) ~ Sym(V).

S



So, Khovanov—Rozansky’s HHH factors as

CH gryV HY,
Hy = KY(C(By x By)) — Kb(C(Gp)) ——5 Vects

where
FEy is a subquotient

C(Go) = { Eg: of CH(ICy,0)(n) C D% ,,.(Go).
for some w,n ®

But the objects of the K®(C(—)) are not directly
related to the topology of actual varieties, in general.

We need a realization functor
(K (C(— DY . (—
p:K(C(=)) = Dg (=)

to relate them to actual geometric objects.

A sufficient condition for p to exist is:

; w i _

¢ nonzero = gry’ Ext'(K,L) =0
for all Ko, Lo € C(—).

This fails for C(Gg). But by work of Lusztig and
Rider—Russell, it holds for

C(Uo) = (:"Eo : Eo € C(Go))a C Dg,, (Uo),

where ¢ : Uy — G is the inclusion. Thus a diagram:

KP(C(B2)) — 2y KY(C(Go)) ——— KO(C(Uo))

”l l,,

CH P
DG m(B3) —— Dg p,(Go) —— D, (Uo)



There are special objects in C(Gg) and C(Up):

e Gp € C(Go), the Grothendieck—Springer sheaf
o Sp € C(Up), the Springer sheaf

By a theorem of Lusztig, Ay ~ Ext*(S,S).

Our functor AH is the composition
Hyp = K*(C(B3)) — Dg, 1, (Uo)
gryV Ext*(—, S)
-5
Use the top half of the diagram to show Thm 1:
Homyy (A*(V), AHY) ~ HHH.

Key step is @Z grV Ext?(7,0) ~ Ext*(S,S).

Moda (Aw).

Thm 2: For positive 3,
AH(R(8)) ~ gr™W HEC (2(8)).

We need to define R(S) and Z(f).

Broué—Michel and Deligne introduced a map

Go-varieties over By X B
O: BT‘+W — 0 o 0 ] 0
up to strict isomorphism

such that O(aﬂ)o ~ O(a)o XBg O(,@)o.
The complex R(8) € Hy is characterized by
p(R(B)) = (O(B)o — Bog x Bp)iC.

The variety Z(f3)o is a certain pullback of O(8)o.



We define U(B)o and Z(3)o by cartesian squares:

OB «—— UB)o +—— Z(Bo

] l l

Bo><80<u_6t1/{0><80(_z/70><80

In particular, Z;{vo =U(1)o for the identity braid 1.

Aw ~ AH(R(B)) from HY9(2(1)) ~ H9(2(B)).

Cor Up to (pure) shifts,

e The bottom a-degree of HHH matches
.G
grV HRT (U(B)).

e The top a-degree of HHH matches
grW HYC (X()), where

X(\ﬁ)o = U(ﬁ)o Xuo {1}

The full twist is a central element 7 = 2, € Brif:

Gorsky—Hogancamp—Mellit-Nakagane proved
bottom a-degree of HHH(S) ~ top a-degree of HHH(S7),
refining a theorem of Kalman.
Cor For positive 3,
gV HYO U(B)) = er¥V HEC (X (B)).

What is a geometric explanation for this isomorphism?

It’s not induced by a homemorphism of stacks, in
general.


https://arxiv.org/abs/1608.07308

Thm 3 is a decategorified analogue of Thm 2:

o=ty O MOWEBL,

G(F
aFl | L

where [Bylq = ZZ ¢*H%(B,). However, it is not just
a corollary.

The virtual weight series of [X/G] need not be the quo-
tient of the virtual weight polynomial of X by that of G.

Instead, the proof uses a strange formula
Bla=q%e 3 Za syml(v) - 37
i ¢, Elrr(W)

where {—, —} : Irr(W)? — Q is Lusztig’s “exotic
Fourier transform.”

{0} eq(B),

Cor For parabolic W/ C W, we have a commutative
diagram

[~1q
Hyr —— Ry[dq]

l l(kq)*"lnd%,

=1
Hy ——— Rwl[q]

where d = rk(W) — rk(W').

This is a kind of Markov property for [—],. The proof
uses an induction formula for the [By]q.

Cor If 8+ w under Bra/ — W, then

1

[Blq € 1= gamv™)

Rw[q]-

The proof uses a result of Lusztig on the sizes of
G-stabilizers.



Example Writing r = rk(W), we compute

o 1 w . 1
[1]q = Wlnd{;l}([l]q) =9 ciwi].
For W = S,,, recovers:
n—1
. a—a 1
P(n-unlink);—_; = <ql/2q—1/2) .
Example Let
W = S5 = (s,t:5% =12 = (sts)2 = 1).
Writing Irr(S3) = {1, ¢, £}, we compute
I-q2(1+2+e)  w=1
[U } — (17q)_1(1+¢) ’LUE{S,t}
wid 1 w € {st,ts}
1-a) "1 -qg+¢*+aq¢) w=sts

A braid 8 is periodic of slope ™ € Q iff: [ = 7.

n

Using the “exotic” formula, we can show:

Lem If 3 is periodic of slope v € Q, then

[B]q _ Z qz/(:{(f,wDego(GQWiu)qs. Zqi Syml(v),
¢Elrr(W) i

where:

e Deg,(q) € Qlq] is the degree of the unipotent
principal series of G(Fg) attached to ¢.

e c(¢) is the content of ¢. For W = S, it’s the
content of the corresponding partition.

The key is that the traces ¢4 () are computable.

This goes back to Jones’s formula for HOMFLY of
torus knots.



The rational DAHA is a deformation of C[W] x D(V),

where D(V) is the Weyl algebra of V:

CW]x (ClV]® C[VY])

Drat —
l, .
(z,y) — Vzaeq>+<xa Yo, y)sa

[z,y] —

It enjoys a well-behaved “category O” of modules
where:

o Simple modules L, (¢) are indexed by ¢ € Irr(W).

o Each module M admits a W-stable grading, giving
us [M]q € Rw (¢'/?).

There is a Knizhnik—Zamolodchikov functor
Mod(D) — Mod(Hiy |1 /2_ i),

hinting that the lemma is related to D2t.

Each simple L, (¢) is the quotient of a Verma A, (¢).
If B is periodic of slope v, then

[Bla = (@/)1*1=7 3" Deg(e?™¥)[A,(6)],.

¢EIrr(W)

Let n be the denominator of v € Q in lowest terms.

o If nis elliptic, then [8]q € Ry [q| by our earlier
result. This implies Varagnolo—Vasserot’s result

n elliptic = dim L, (1) < oc.
¢ Thm 4. For W irreducible and n cuspidal,

+[Lo(V)] (Win) =

else

(Es,15), (Ha,15)

The proof uses the KZ functor and the block
theory of Hyy.
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Does this character come from D2t ~ HLG(Z(B))(?

More complicated:
« Aw = Ay, where Ay . = HE9*CGm(2(1)).

rat _ rat rat
« DA = DV’l for some D7,

Conj There is a flat C[w]-deformation arXiv:2106.07444

AHo (R(B)) ~ AH(R(B))
Aw, ~ AH (R(B)) ~ Aw ~ AHo(B)

Thank you for listening.

such that:

e The A, -action is weight-filtered and degenerates
to a weight-graded Ay -action on AH (R(B)).

¢ In the regular elliptic case, the latter extends to a
D2t -action.


https://arxiv.org/abs/2106.07444

