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§1 Ngb (2008)
Plan of talk:

1. Ngb (2008) Let G = SL,(C) and g = sl,(C).
2. Yun (2011)
3. Oblomkov—Yun (2014)

Centralizer group scheme:

I'={(v,9) € g x G| Ad(g9)y =~}

Sources: For any field F and v € g(F), we say that:

+ Ngd, « Le Lemme fondamental ... » e ~ is regular iff dim I is minimal. In this case, I is
¢ Yun, “Global Springer Theory” commutative.

¢ Yun, “Lectures on Springer Theories...” o 7 is reqular semisimple iff I is a torus.

¢ Oblomkov—Yun, “Geometric Representations. ..”

Let g™ C g"°® C g be the corresponding loci.



Let ¢ = A"~ ! /S, ~ SpecClez, ..., en].
The Chevalley map
X:ig—¢
sends a matrix v to the tuple a = (a;)}" , given by

det(t —~v) =t" + at® 2+t an_1t + an.

Let ¢® be the locus where this polynomial is separable.

Lem x|gres : g'®8 — ¢ is surjective.

Lem g™ = x~1(c°).

Lem I|greg descends to ¢: There’s a smooth group
scheme J over ¢ and

X" J|gree = I|greg.

It extends to a morphism x*J — I.

Explicitly, if v € g(F) and x(v) = a, then:

Jo =1 fe(FM/a@)*| [[ r)=1

AeC
a(A)=0

and J, — Iy sends f +— f(7).

Ex If g =sly, then x ~ det : slo — Al
J(C) is a family of C*’s degenerating to Ct x {£1}.



Since J is a commutative group scheme, BJ forms a
commutative group stack over c.

The fiberwise action

X*BJ =B(x*J) ~BI over g
descends to a fiberwise action
BJ ~ x«BI = [g/G] over c.

It is simply transitive on the regular loci of the fibers.

The geometry of this action underlies the geometry of
both affine Springer fibers and Hitchin fibers.

Interlude Suppose H ~ X and H ~ V. Recall:

e An H-bundle E — X is principal iff it trivalizes
over an fpqc cover of X.

e The associated bundle Vg — X is defined by
Ve=(ExV)/H

as an fpqc quotient.

Principal H-bundles are classified by maps X — BH.

Ex Suppose L — X is a line bundle.

Its frame bundle L* — X is a principal G,-bundle
such that L = (A1) x.



Suppose X is integral, separated, noetherian, and
Ox » = Clz] for all v € X(C).

An L-twisted G-Higgs bundle on X is a section of
[g/G]LX - X7

where G, ~ [g/G] by scaling g. Equivalent to (E, 0)
with:

e E — X a principal G-bundle.

e 0 a global section of ggp ® L — X.

Since G = SLy,, this is equivalent via V = (A™)g to:

e V — X a rank-n vector bundle with det(V) trivial.

o 0 a traceless global section of End(V) ® L.

The map x : g — ¢ sends:

scaling action G, ~ g

)

weighted action G, ~ ¢ = Spec Cle;]?"_,

The weights are c-e; = c'e;.

So x induces a Hitchin morphism h : M — A, where

HY(X, [0/G] %)
.AZ.AXL =HO(X CL><)
=@, ,HO(x, L®).

M=Mx =

Intuitively, h(V, 0) lists coefficients of dety, (t — 0).



The fiberwise action BJ ~ [g/G] over ¢ is equivariant
with respect to the G,,-actions.

Therefore, P ~ M over A, where
P =Px =H(X, (BJ)x)
is called the (relative) Picard stack.

Motivation If X is a nice curve and a € A is also
nice, then:

e P, parametrizes line bundles of a fixed degree on a
certain branched cover X, — X.

e My, is a certain compactification of Py.

We say that X, is the spectral curve of a.

Global Picture Let X be a smooth proper curve.

Fix a = (a;)]-, € A= @?:2 HO(L®%).

Let y be a vertical coordinate on L, and let
Xo={y" +a2y" 2+ - +an_1y+an =0} C L.

Let A®, resp. AV, be the locus in A where X, is

integral, resp. reduced.

Lem Ifa € A®, then M, is proper.

Lem If X has genus zero and a € A, then
o & Pic?(X,) and M, ~ Pic (Xa),

where d = (g) deg L.

o



Local Picture For all v € X(C), let Proof sketch

X, = Spec O, and Xf = Spec Fy. ) . . ) )
The fpqc quotient G(Fy)/G(Oy) classifies (F,¢) with:

e E — X, a principal G-bundle.

o L1 E|go — G x X,
b

Abbreviate a, = a|XU and L, = LlXU'

Prop Ifac AY(C) and v € x~'(ay), then

Pisas\Mx, 6, 0] = [Pr\M5] My classifies (E, 0,t) with:

s (B0) e Mg, 6,0,

ORI v Qv

where ~ A

e t: Elgo — G x X such that ((0) = ~.

My ={g € G(F)/G(Ov) | Ad(g™ ")y € g x (On)},
)7

Py = Ly (Fy)/Jay (On Py classifies (E’, /) with:

e E' — X, a principal Jg,-bundle.
given the structure of C-ind-schemes. v @ PHREIPAT Ja, 70U

o VB0 T Iy x X,
Note: M., is a (spherical) affine Springer fiber. |Xv 7 v



_ _ pl _
Local to Global Suppose L admits a square root. Ex Let G =8SLy and X =P and L = O(2). Then

It defines a Kostant section A=HO(X,L®?) = HO (P, 0(4)).
cpx = [07%/Glx, Fix a coordinate [z : 1] on X. Spectral curves look like
which in turn induces a gluing map Xo={y*>+a(x)=0}CL,
Ha(v)eczx My, = Mx La where deg a(z) = 4.
for any a € AY(C) and v, € x~(av). If a(x) = 23, then

M, = Pic' (Xa) ~ Xa x Bpuo,
Po = Pict(Xa) ~ Ga,
Moy x Moy =Pt x pt,
Prg X Pro = Ga X 1.

Thm (Ngbé) If a € A*(C), then any square root of
L induces an algebraic homeomorphism

Px,a X o My,
X, Ha(”)g%x ¥

Ha(u)iczx P'Y”

— MX,L,w

Note: Pic' (Xa) =~ X4 X Bus for general a € A®(C).



§2 Yun (2011) Here, Vi = X*(Tkm) ® C, where

TKI\[ = G(;:in x T x Gigt
Z. Yun’s global Springer action fits into a table:

is the maximal torus of a certain Kac—-Moody group

point Springer fibers
disk Xy affine Springer fibers M., Grwm = LG x Gt
compact surface X  parabolic Hitchin fibers /T/Iil Explicitly:

e T C (G is a maximal torus.

Full statement involves a graded C-algebra . .
e LG is the loop group given by LG(C) = G(C((z)))

Diris — Sym(Viy @ C) C[W“ff}. on points, and
By a Springer action, we really mean a morphism 1=G" = LG — LG —1
D9 @ Enin(foC), is the central extension formed by the frame bundle
7

of its determinant line bundle.

R ; o L) —~
where h® is a parabolic version of h®. « G acts on LG and LG by scaling .



Fix a Borel B D T'. Gives simple roots
A={a1,...,ar} TP CX*(T)
and affine simple roots
A = {ap} UA C X*(T x GIoY).
We have Weyl groups

W = (sa)aca,
l/va,/]' = <s&>aeA"ﬂ ~7Zd, xW.

Note: Since G = SLy,, we have Z®, = X, (T).

We will use W ~ Vi to define D9,

Let u be an indeterminate.

The trigonometric DAHA in the sense of Yun is
D' = Sym(Vin @ Clu)) @ C[W )

under this ring structure:
o C[W] and Sym(---) are subalgebras.
e u commutes with everything.

o Forall £ € Viky and a € A we have
sa€ —**€sa = (£, a")u.
The grading is:

degw =0 for w e W
deg& = 2i for £ € Sym®(---).



Write X*(GISY) = Zdyo. For any ¢ € C, we set
DZ’!-%:_(] — Dtr'[g/(u + C5rot)~

Still graded!

Rem The usual trig DAHA is DX/ (6,0, — 1) (up
to sign??). Filtered, not graded!

Rem The subalgebra of D9 or DI generated by
Sym(V @ C(u)) ® C[W],

where V = X*(T') ® C, is Lusztig’s graded AHA.

To get the W-part of the global Springer action, we
must extend the Hitchin morphism h.

Let f: g — g be the Springer morphism, and let the
top square below be cartesian:

M —— [3/G)

! l

eval

Mx X —— [9/G]

/zxidl J/X

eval

Ax X ——  x

Note that [§/G] ~ [b/B], where b = Lie(B).

Let 7 : M — A x X be the composition.



To construct
(%) D" — B, End* (R C),

we need to describe the actions of

o« we W,

o £EXH(GE™ X T x GISY) @ Zu.
Txkm

The W% -action is built up via induction on s ’s, just
like in affine Springer theory.

As for the lattice, we’ll construct a map

L : X*(Tim) @ Zu — Pic(M),

then let £ ~ h®C via cupping with h®c; (L(€)).

Let Bungg = (Bung X X) Xpg BB. In each case,

L = Kl o
for some map M= BunZ — Z and K € Pic(Z).

Write X*(GIS) = Zdror and X*(GEP) = Zdcen.

13 Z K
£eX*(T) BB K(¢)
Srot X wx
Ocen Bung WBung
u X L

Above, & — K(¢) under X*(T') = Pic(BB).

Thm (Yun) (%) is well-defined for deg(L) > 2gx.

This condition ensures Ngo’s “support theorem”.
g pp

11



Rem (%) descends to DX = D0/ (u + cdrot) iff
L® wgc = Ox.

This forces ¢ = —deg(L)/(29x — 2).

Rem For all (a,v) € A® x X, we get
D" ~ H*(Ma,v, C)

by pullback and base-change.

But since wx and L trivialize upon pullback to v, the
action factors through D% /(§y01, ).

To get interesting actions on fibers, need orbifold X
and equivariant cohomology.

§3 Oblomkov—Yun (2014)

Let GS,',,M ~ A? with weights (m, 1). Then
Xm = [(A2 —(0,0))/G]

is a wetghted projective line in which oo has stabilizer
tm and no other points are stacky.

Simultaneously,
o GI' A Xy viat-[z: 2] = [tz : 2].
o Gdl ~ g cand y is Gfgl—equivariant.

m

So for any L € Pic(Xm) ~ %Z, we have
Gt x Gl A M, L, MX,, 1 AX L

and b : M — A is equivariant.



Fix ¢ = d/m in lowest terms. Define G,,(c) as the
subtorus acting on a = (a;); € A by

t4ai(z: 2) = a;(t"x : 2)

The points of

A, = _AGm(C) _ C<xiczi(deg(L)—c)m>;(L_2
are said to be homogeneous of slope c.

Thm (OY) There are graded actions

D% —, End?* (b C),

Grotx gdil
t
D% —>EndG (c)( !C),
where E,CQC7 EO,C are viewed as ind-complexes.

Cor DU% A Hg A (0) (/Vla,o) for a € A.(C).

There’s also a rational degeneration of this story.

The rational DAHA in the sense of Yun is
D™ = Sym(V & VY & C(u, 6rot)) @ C[W]

under a graded ring structure we won’t state. Let
Drat Dmt/(u + C(Srot)

Thm (OY) If m = n, the Coxeter number, then:
o AT =A%

o There’s a graded action
DZ‘” — Endg‘m(c) (gr}: E?*C),

where P, is the perverse filtration on ES*C

Cor In this case, DI** ~ grf Hg, (©) (X/lva,o).



Ex Takea=(0,...,0,2%) € A.(C), where d is
coprime to n.

Here, Mg,0 ~ md(nil)m({y" + 2% =0}) and .X/lvmo
is a “flagged” version.

Oblomokov—Yun:
DI A HE () (Mayo),
DZ‘” ~ grf Ham(c) (Ma,0)-

If we specialize drot — 1 in the latter, then we get the
spherical simple module of the usual rDAHA!

Garner—Kivinen have an alternate construction that
does not rely on the perverse filtration.

Thank you for listening.



